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TECHNICAL REPORT R-3

NEARLY CIRCULAR TRANSFER TRAJECTORIES

FOR DESCENDING SATELLITES

]+,y GV,OI_(iE M. l,ow

SUMMARY

Simplified expres._im,_, describil,.! the t]al_._l'er

.from a satellite orbit to the point qf atmospheric

e_dry are derired. The ea:pressions are limited t,>

altitude cha_ge._" that are small compared with the

earth's "radiu+', and reh.'ity eha_ges ,_mall compar+_d

with satellite velocity. 7'hey are .further restricted

to motion about a spherical, '_.mrotating _arth.

The transJer .rbit resu/tb_9 fram the alqdicatbm

of thrust in any direetio_ at a_o/ point i. at+ elliptic

re'bit is co_+sidered. P.¥pressiot_x for lh( rrror._' il+

di,stance (mi,_',_ di._tat.'e) awl entry al_gh due to al_

in#ial misalim.mel_t and magt_ilmte _v'r.ro_f the dr-

,fleetingthru,_'t are prest_tded.

}'he largest Imtc_ilial c.tHributiug faet.r toward,_

a miss dista_.'e _'lems.from the mi,s'al;ueme_d q{ th,

retroveloeity 'i_wremeJd. I.f lhi_' rdocity im'r_ mrtd i,_

pointed in direct oppo,_'itioT_ to the ,fli:lh,t path, a I°

misal,i_wewnt leadu to a m,i,_,s' distaue_, qf 3._.5 mih,,_,.

II.werer, it i,s" shou'_+ that this crrm' cart h_, ar.i&d

by apphti_g the relocity bwr+.meld at a_ a_gle b_.-

twee_ 120 ° a_d 150 ° below the fligh, t-path directi.u.

The guidance am/ accuracy requireme_d,_" to ts-

tabli+'h a circular orbit, 'i_ additi,m to the c.rrecth.._,

applied to tra_,fform rlliptic orbit,_" i_+to circular

one.% are also di,w+u,_s_d.

INTRODUCTION

The descenl trajectori(,s of sal(,llil(, v(,hi(,h,s

can generally b(, tr<,at(,(l in tv, o (listin(.t steps.

Tho li,'sl step ,onsi_h,rs the iransf<,r l't'<m_ lho

satellite's orbil to ti poinl just outside lhe t,arlh's

at.mosl)h(,re. T]w transf[,rva]_ l)cinitiated by the

al)l)li('ation of a propulsive i'or<'c; lw_'ausp this

l)has(' <)f the fligl_t takos l)l'_co m,tsi<h, the +,1-

mosphere, aerodynamic forces are unimportant.

In the s(,cond step, the vehicle reenlers the

•+tmosphere, so )hal aerodynami(, forces play a

"cerv imp()rtanl role in (h,lermitfing lhe salel]ite's

motion. This i)has<, of the tlighl of a reentering

satellite has been +lu<lied it, grpal dola.i[ it,

references l and 2.

The prt,senl repot'l (tis<,t,sses the Iransfor

ira jet,tory fr()In {hp satelliI(, orl)il to the to I) of the

atlnOSl)here. If the initial satellite orbit is de-

tle(q ed 1)y a single impulsivo application of thrust,

the transfer lra j(,elory is fully describotl l)y

l'ieph,r'+ hn'+s of ])htnelarY motion. .A.It]+oug}_

the e(luali<)ns doscril)ing these laws are not very

('(mtl)licat(,d, thoy involvt' _+ sufiicient numb(,r

of lerms to render it diflicull to interpret them

wil]muI, ",_ovl,:in_zout a largenumber of examph,s.

In gemwa,l, the Iransfl,rIrajeelory for reenl ering

sal<,llil,,s has two ('haracterisli<'s v+hi(,h t),,rmit a

great simt)]ili(,ali<m of the (,<lira)iotas of lnotioll:

Th(, change in altitude is small ('onlpared ",,,ith

tit(, ([ish_t)(+( , to the earth's ct, ntez', and the dif-

ft,r(,twt, tmt',v(,(,n the a(qual velo<dly and h)cal

satellite velocity is small.

Equations are dorived, making use of these

simplifications, whi(q_ ([escril)e the transfer orbit

ol)h_izw(l l)y al)plying thrust in any direction al

any l)oinl in an ellipti(" satellite orbit. With

I]l('SO (,qut|tions, the time and dislatwe to the

l)oirtt of almosl)heri(, ortir.v and lhe ontz'v vt,loeity

and angle can b(, <'al<_ulated iu a straightfi)rvcard

zna]_nt,r. Exl)rossi<ms 1'o]' the <q'r<)rs in distance

(miss (listanvt,) and orHn'v '_ngh, n l the lo 1) of the

earth's almosl)horo, caused ])y an initial misaline-

nwnI and magtdtu<h, error of lh<, <[(,th,(qin g force.

at(, _lso l)V(,s(,nt(,_l.
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In deriving thcst, t,(luatitms, it is assunu,tl llult
Ihe earth is nm|rohHing and sl)heriral. Thcrt,-

I'm'i', the results td' this rt,pm't sht)ultl i|tst bc

apl4it,tl to lht, t.ompnlatiim ()f an at'lull ret,ntry

and rcrovory nl,lm,uvt,r; inslm_ttl, tht'y are intended

to aM iu tit,., rapid estinlatitm of Ih|'ttst magnitutlc

llll(] H<'(q,l'Ht_)" ,'0(tlli"(qllt'l'l:'L

"r],, t'Xl)|'cssitms th'rivt'tl I'o,' tilt' ii'anaft,r twl4l

tile.t) Ill,trail a ralht,r rapid cal(q,lalitm of the
arrurary rt'tluirt'tt it> t,stablish a desired satellilc
orbit. Tht' rtuTt'rtitms nt,t+th+tl tt) transform at,

clliptir orl4t It> a rirrular ¢wbil art, also given.

SY 51BOI,S

1" total euergy of orbit

y g|'avilalional ronstant, 9--+.Io[r,,/(r,,--tt)] '_
!/,, gravitl_titmal t'onslant at _ea h,',t,l (32.2

ft/st,c:" for earth)
I1 altitmh, at)o',-e t,lulh's sm'fare

It slllz_ll|lll' lllOllll?,ll Illll

+V tlistam'e normal to o|'lfil:fl Ill'mr '
r distant,t, nwasm't,d from tmrth's rt,ntev

,',, mt'llu radius of e2:n'th (3959 still I,It, ruth,s)
,_,' lim,al distanrt, (N r0)

t time

I" tlilnensit)nh'ss velot'ity l" t,/r*)

_ vehwit.v
At, vt,lotqty intwemt,nl
r* ltwal t'ircular vt,locity It* (.qr)

., Ih'tititms vt,lority in('rt,nwnl for dt,s('ent,

fr<nu elliptic (wbit
.:++ altitt.h' ft,lwti<nl rcferrt,<l to circular

orbit at l)tfint t)f th,sretll (eq. (13))

all|ruth' t'unrtitm rt,ft,r,'l,tl to a,pogt,t_ of

(h'srtq_t orbit (eq. (20))

7 tli|nensitmh,ss vt,lot'itv incre|nent_ (_

..Xr/v*)
<_ angle ])ct':+e(,n original and rt,mllling

orbital phtlles

e('c('llt ririty of orl:.it

0 angle between apogee and poiut, in

question

h fun<q ion defined l>y e(tttation (64)

_t force ('onstant (1.408_10 _6 ft'/set "_ for
earth)

function deiinetl by eqtmtion (63)

p radius ratio (p:: :r/r+t)

+ angle of flight I)atll wil]l respect it) local
]mriztmtal t

tulgle t)f vclo('it,y it,ct'cn.,llt _ it h rt,sl)t,ct

to orbital i)ltum

¢0 angle of vt,lotqty it..n,nlcnt v, ith |'esl)t,tq
It) l<ltm] }im'iztmtttl, i mt,aStH't,tl in orbital

plane

Sul)s(Tilds:
xI t_on(lititms at al)(tg(,t'
ltHI,r IllltXilll Hill

1' rtmdititms a l perigee

N <.tmdilitsns in cllil)tir orbit

Slq)ersr 'tills:
- .denott's ('omlitit)ns at the I)oint wller(, Ill(+

vt,hmity in<w(,mt,nt+ is al)plied
' dent)it's l].' artmtl v(,lot4ty incremt,nt and

angle fo|' dt,s('etd from ttll ellipti(', orbit

EQUATION OF MOTION

Th(' path of a satellite follows a K(,plcrian

.llil)st, qst't', ('.g., ref. 3) and is th,s('ril)(,(l by the

f(sllt)_ in_ t,tft,atitm:

,, _ (l)
1 + ros 0

whcr(, r is t,h(, (listan('(; fron! the center of mass, anti

0 rel)res<'nts the attglc m0asurc(l froln the al)og(,e of

Ihe ellipse, as shown in tigt|re I.

Descenl ellipse
\

)
- Circulor orbd

FIGUIU+; 1. -Eldl'y from cirrular orbi,.

I The ],,('al horiz(mlal is perl+en,liruhw I<, lilt' raditl_. '.rrtol', :+.lid ditorted in Ihe I,h_ne of 11w orbit,
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The nnguhH' mom('nlunl h is n ('onstnnt, given I_y

/_ l_' ('.s 4, r._:._ (2)

The for,'(, _'(m:imH # is r(,laled t()ih(, gravilali(mnl
a(_('(,]e ra [ hHi

# .q/'_ r(;,*) _ (:;)

where :* is llu, h.'al (4r('uhu" orl)ilal v4,hwily.

The e(_ct,rllri('ily e ('nn I)e ,,Xl)rt,ssrd in t(,rms of lhe

total energy E <)f lh(, orl)il

y/1 + ='A'I'_#_ (4)

_V ] 1(_ l'e

/: /_--' (r*) _ (5)
• ,)

Some manilmhttion _ith equations (1) l() (5)

viehls (,xl)r(,ssions for the v(qoeity al any poinl,

the a ngulnr distan('e fl'om the apog(,e, the lo('al

tlight-lInth nngh,, _lnd the time of ilighl. Th(,

resulling r'ehdi()ns tony 1)e ('xl)ressed in terms of

n (tim(,nsionh,ss v(,lo(4ty, r(,ferre(I to lh(, cir('uhH'

velo('.itv nl lhe apogee

'llld

i" * (ll)_--i','t' t

_lnd a dim[,nsionh,ss r_ulial dim_llw(,

p _ r,,"r._ (S)

The timfl i,xl)r('ssions b(,com(,:

Velo('ity at any t)oinl:

Angular distnnce from at)og(,(,:

cos 0 (10)
a(I'_,-l)

Flighl-l)ath angle:

lllll (1) :
:1 ?'.-2 2o

I'_ P="4-I',_- 1 (11)

Time of flight from apogee:

c*t 1
r_ (2 l':'i):_:- I', t.,, ¢cos ' L 1- I';, + '2- i ?,

(12_

I+]<limtions (9) to (:12)exl)ress the ehnrn<.l(,risti<.s
of iht, origin,l snl(,llil(, (u'bil in a cm::(,nient form.

'l'h(,v also rel)res(,nl n set of ('xn('t eqtmtions

(h,scrit)ing lhe (h,s(,enl lrajeclory.

DESCENT FROM CIR(!UI,AR ORBIT

A snl.'llile is i)r_,sum(,(I 1o h., tlying in n, ('irmflar
or'hit vcith _ r_.lius 7, ,l., vel(wilv 7*(r 7* for

('i,'cuhlr oH)if). Tim d,'sreut is initiated hy al)l)ly-
illg to lhe satellite a velocily irlm'emellt Ar dir('(q(,,I

a l a,n nngh, co m(,nm.r(,d from lh(, h)('al horizonlal

in lhe I)bUw of the or])il. This m_lm,uv(,r _ill

lIhwe lhe salellile (m an (,llil)ti(' (Mill, as shov, r. in

figure 1. In m'd(,r to siml)lify lh(, _rmlysis, it i_

nssunwd thai: (l) 'rim v(,lo(.ily increment Av is

smMl ('omt)_r('d vdlh the orbital velocity; this

a ssmnl)lion implies lhnt the (,(:(_(,ntririty of the (h,-
th,(:ted orbit, is small 'Is COml)are(l with unity.

(2) Th. ('hange in nltitude is small ('omp_m,(l _ith
the (tislalwe to llu' ('(,nh,r of lhe earth. A mnall

(luarllily a is (h,fim,d

/'
(_--=1--_ (13)

F

so Ihat a<._l.

As discussed in the al)l)endix, ihese _lssuml)tions

imply thai sevm'nl ot h.r qua nl il ies (i .e., the w,lo(4ty

in(:rement _rT*, and lhe locnl flight path angle _)

are nlso sm_ll[ wlu,n COmlmn,d with unily. The

(.'lilt equat ions derived in 1his sect ion m'e therefore

(,Xlm,Ssed c,nlv to the first order; that is, (lUa,ntilies

of lhe order _ (o('(_enlri('ity) are retained, whih_

(lUantilies of higher order of magnilu(h, are
n(,gle('ted. 3. lyl)ic_l (,xamph,, given in lhe a,p-

I)endix, shm_s that t,ho er'n'oz_ introduced t)v lifts

linearization are small in a l)ractical ('ase.

ORmT EQUATIONS

The velocity 7: ol)tained by dettecting a ('ir('uhu"
orl)it with a velocity in(,rement A_: at an angle co is

ol)tained from geometric ('onsideralions (fig. 1)

7_--:(7") _ _2_*'7" ('os co-L(_r): (14)

BY. (letining a dim(,nsionh,ss velocilv in(_rement %
wll('t'e

T_-=_: (15)

and drOl)l)ing terms of order ")"_, the following is
nbtained:

7.2



4 'FECttNICAL I_,EI'_)ICT 1¢ 3 NATIf)NAI, At,H'_)NAI'I'HII; AND SPA('E AI)MINISTICVFION

The total energy of tht, orbit, fz'om equatio,ls (5)

and (1 fi), becomes

'21f
---I_ 3"1 ('os ¢0 (17)

(7*) _

aiid t Jlo i,,llgUJllr nlOllltq,l,,llll is

/+=77"(1 t "r cos co) (IS)

+.ks sho',_n il, ti,e al)l)ettdix (eq. (AS)), llie t'e('e,l-

tricit.y may be expressed as

y,, 1 a, .'-_eos=w ( 1 .q)•

[I is cot,venient, to refer (.he local distan('e lo

the ca,'lh's ('enter r to the raditls rA at lhe apogee

(,,f lht descent, trajectory rat]mr than to tht radh,s

7 of the o,'iginal orbit. The new radius ralio is
defined in terms of

/J -= 1-- r'r._ (20)

0,'

7_:t (/:,,'.,) (21)

so that, to the lh'st order

:<_-_ (33)

From equation (211

/'A "_
-- _: u fog

I' ,t'.;

Front use of the fay( that

7* ]_ ,..

t het'e results

_ "/(2 (.os co+_1 _:_ ,,os++_) (24)
and

_=_+"/(2 (,,)s co+ ++_ ,+(.o+-co) (e+_

With these expressions it is t)ossil)le to expr(,ss

the <lesi,'ed quantities in terms of ++(rel)resenlitL+Z
the altitude), y (rel)resentittg l.hc velo('ily inere-

menl), and co (repr(,settting tim dh'eclion of lhe

al)l)lied vehwily itt<.rement).
Velocity at any point. The local velocity in the

flight-path <lireclion is obtained from eqtta, tions

(9) and (23):

_7")" (7.): (,,.*0"

= (I --_) E(I -- ') --3 (l-- iI_)]

t _ + +3# ('-'o)

It, ler,l,: t)[' the l.:.own tlmmtiti(,s o+,% and co, the

I<,ml vt,,t'ity, ,'efem,tt t(+ the eirml]ar v,qo('ity ,)I'

the (wig+tml ot'|)il, l+e('t+m('s

/,2

(7,)++, :1 + '.-)_+t 2"/t',)s co (271

Distal ee traveled. Tin, disla.m't, ['rmn the point.

of l},,'U;';l application It+ a u nrl)itrm'y point is

ex[)t't'sst'd in terms of the a nguh, t' dist.anee 0 from

the ai)(y_'(,t, t)f the ent,' 3' ot'l)it and the tll:,t)t_ee

shift. 0 l,ltqlStll'(,(I fl'ol,l the same al)oge( +I.o the l)t)itll

or orbit delh,t'lion, lgt't)tn e(ttmtion (1(t),

('4PS 0 (3S)
(1 22)( _)

In let'ms of tlm gci','en (It,a, tttitit's ¢_ "/, _tl_(l co

e( ltlttl iOIt (2S,) be(*Ollll'S :

,.,)so..... 2 ,,<,s++(o/-/> co
xl q 3 vos%

t ,,1 t3 cos%)] (29)

'l'ht' uf)< g't'e slfift 0"is dt,t'ivt'<t by similar mt,,ns:

<'os+ ._ .2<'°s. co+ [1-L'r(3('osc+
xl + Acos+co

-t -vq_ :+,.t,s_,)] (30)

The _,clua| angular distance traveled is, from
figure i eqmd lo 07:0; here the minus sign at)plies

wht, n co<_lg() °, while the plus sign apt)lies when

w_>lS<V. The lineal (listanc, +,is givt, n t)3"

s r(0 3) co<(s0 °
(31)

S--r(O-_'O) ¢0_">180 °

Fligh>path angle. -The local inelinat.ion of the

flight p,_th is given by equation (11). Replacing

1"._ t)y --_, and p by 1--/3, yields the expression

_,)

,.,, (;+,.I
In terns of a, y, and co equation (32) becomes

+--_y+ sin+cu as- 4ay cos co (33)

For +ome at)plieations it may be desired to

det erm nc lhc veloeito, increment (or -/) required

to aehi we a given angle ,I, at a certain altitude

(or o0. Inversion of equation (aa) yields

+ <''s+'I +,, co+.si,,.}
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In the limit, as w approaches 180 °, equation (34)
becomes

7 1÷o?

Time of flight. The lira(, of ]light froln (h(,

point of orbit detteetion is (he sum (or (liff(w(,nee)

of tile time from al)ogee, and the time of travel to

the shifted apogee. From equation (12)

where the minus sign applies for ¢o_ 180 °, and the

plus sign applies for _0_180 °. In terms of the

known quantities, equation (36) becomes

(1+3-_ ('os_) cos -_ _+27*t

_-('os-' \¢1 +:) e()s%/J

-i [-_7_ sin%--_2--4a_ cos w=V_ sin _0] (37)

The expressions for velot'iiy, flight distance,

entry angle, ant1 Hight time are listed in table 1 ;

also shown in (able 1 are the simplified expressions

for ¢0= 90 °, 180 °, _md 270 °.

REENTRY ENRORS

If a suec(,ssful re('overy of a satellit(, is to be

achieved, it is of utmost importance to mininfize

the miss distance resulting from small deviations

in the magnitude oi" direction of the applied

velocity increment. The simplified orbit equa-

tions of the preceding section are particularly
suited to obtain e'q)ressions for these orbit devi-
ations.

Miss distance. --The miss distance ('raised by an

(,rror in the magnitude of Av is obtained 1)3, differ-
entiation of equations (29) and (30) with respect

to % and subsequent substitution into the deriv-

ative of equation (31). The resulting expr(,ssion
is

1 OS --a
- (:is)

r c,),? 4)7
OF

OS r c_
(:_9)

A misalinem(,nt of the retrothrust in tim plane

of (he orbit e_luses (he following miss (tis(a.nee:

-o_ _l_: :__:()_2_, ,) o<,.os ,_-,y +1 (4o)

where th(, l)lus sign (in (he I)racke(s) was selected

on the basis of l)hysieal reasoning. This miss

distance, caused t)y retrothrus( misalinement in
the orbital plane, is the sum (or diff(wence) of two

errors; the first is t_ change in the h)ct_tion of the

apogee of (he descent trajeet.ory, whereas the

second is a ('Imnge in (he (list_m(:e ()'avel(,d from

the shifted allege(,. In gen(,ral, it is possible to

orient the veloeiiy increment, so lhat these two

errors cancel each o(h(,r. From equation (40),
the miss distance bN/0w vanishes when

9 sin2 w ('os%+ 1
"),4
a ('os _ (3 sin%-24)

(41)

The corresponding exI)ression for entry angle is

(from eqs. (33) and (41))

3 21 --4_ ('os w (;_ sin o_--8)
t,nn _ - - _ -L s,n w--4 J

(42)

The values of-//a and ¢/a for bS/5_--O arc plotted

in figure 2.

4i--

, 2

_v
I' _-//(

r )

V_

-;)

I00 120 140 160 180

Velocity increment direction, _o

FIGURE 2, -V(qocity inerement and entry angle for z_,ro

miss distance OH�Doz.
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If lhe velo{.ily increment, should be directed out

of the l)lane of the orbil, tilt; phtne of lhe descent

irajector.v will differ from the orbiial phme. '|'he
point of entry into lilt, ellrlh's atmosl)herl, will

lhen he disl}hteed by an _lzimulhtll distance N,

measured normal to tilt,orbihd plane, We assmne

that,lilt,veloeily into'erector,isdirt,ch,d al,ml angle

ira!of the orbitalphlnc; ns indica,ted in figure3,

l,'mt:m.: 3. -\elocity im'r,,mI,nLdirecH'd out of orbilal

])l:lll('.

_k is mcasuved in a phme Imssing lhrmlgh AL, and

perl}et_clieulllc h) tile orbitul pbme. The resulling

trajeelor.v will lw ill a plane makings an angle

with the original plato,, where, from the _zeometry

of figure 3,
_, sin ¢,

The magnitude of tile normal distance N depends
on the allitude (or r) and the distance tra,veled

(0T'7):
N=_w sin ¢, sin (OTE)

The miss distance, for small angles ¢,, I)ecomcs

O:V
-OgJ -rT sill (0T0) (43)

Therefore, the nornml miss distance ma, ximizes for

a, 90 ° entry range, and vanishes for a. 180 ° entLy

range.

Exl.'exsions for the, miss distance result,ing from

simllltitl,t,oUS errors ill 7, o_,und ¢, were not. derived.
lhBvev{,c, it is intuitively elear thai. each individual
miss dislunce will maximize when 1he olher miss

distan,c_ 'ire zero. 'l'herofilre equations (39), (40),

und (4:1_ represenl lho maxinlunl range and azi-

muth miss distances at, the lop o1"the ammsl}ht,re.

Entry.angle error, l.'nl'm'l ulmlely, Ill{, miss

distal.:{ {'ontputed with the aid of equal, ions (39)

and (41)) is only elm parL of tim total range miss
dislane{,. The initial thl'usl (,ITOf illso t'IIIISOS IIIl

error ot the atmospheric entry angle (eq. (33))

this {,nt-'y-angle error in tm'n will alter the distance
irltveled within the earth's atmosphere. The miss

distance incurred while flying within the atmos-

phere can be determined by the methods of refer-

ence 1, once the entry-angle error is known. The

entry-a @e error resulting front an error in the

magnitude of _, is, from equation 133),

()1'

O_ sin_co - cos co (441
07 q 7

,,,)it, 'y (sill2 21_ ) (45)0&_' =+7* co-- cos co
3,

TIn'ust axis misalinement in lhl' orbit,d phme

,auses the following cProv

_- Sill CO _ .} o'"

: ,I, cos co v- (46)

This error {'an lm made t(} vanish by directi,lg
the tlllust axis so that

cos co- --'2 5-_ (47}
3,

The entry angle {'aleulated by the method of

this r{ port bt,comt,s an initial condition for tilt,

{'aleuh:tions of a hnospherie ttight by the method

of rtfftrenee I. Gt, nerally, tilt, solulions for extra-

ntmos}hel'ic_ flight_ and intra-lltnmspherie tlight.
{ire n}_tched at an altittlde l}et,ween 5(} arid 70

miles. The question m_lm'allr arises as to ]low

{'ritil._]l lhe matt'lling .fltilmh, is, or ]low mm']] Ill{'

entry angle (.]ranges over a narrow 1)and of al-

titude,_. This change in a ngh, is

.... ( -+004, 3' 2 cos
Or r,I,

(4S)
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Time of flight error.-When ('ah.ulating 11.,
actual miss distance for a rotating earth, the
dishmee that a point on the earth's s_u'face has

moved during the lime interval between lhe pre-
dicted and actual arrival of the vehieh, nmst be

('onsi<lered. Beeause this distance depends on

1he type and direction of the orbil, only the time
error will be presented herein. An error in the

magnitude of the velocity incremenl causes lhe

following lime error (from eq. (37)):

7- _--¢v (4.)

The time error resuhing from a (]wust misalitw-
Illellt is

-_7 _.o= 1 --3cos' _ _ oe ,'os co--'7

Note lira! lhe nondimensional lime-error co-

eflh'ienls are identieM to t],, mmdimensiom_[

range errors, as given 1)3- equations (39) and (40).
Therefore. if lhe salellite is tntvelling in the

dire(.lion of lhe e_u'th's rotation, l]w re'hiM miss

_listanee will tw redu('t,d by the time of [ligh!
elTOr.

i Sllnltllat'v ()f th[' V_/I'iO,lS ,q'l'O[' ('(tllll|iollS iS

_i'v(,n in l_lhle ]l.

MINIMIZATION OF RF(_UIREI) tMPUI_SE

The impuls(, r(,quil'ed lo exe('uh, lh(, reentry

lllal,('uveI' ('ltlt gent,rally t)(, ntininfized l,y orienling
Ill(, veloeit 3- increment in a predeternfined dire('-

lion. This dire('tiou deI)en(Is on whether a given

enlry r_tng(, or a given ent, rv angle is ('ailed for.

Minimum impulse for fixed range. -If the entry
range (S) is tixed, th(, thrust, orientation for

minimum impulse ('oineides with that for van-

ishing miss dislam'e ('ause(l by thrusl misalim,-

merit, (i.e., OS,'0_-0). This fa(.L ,',an besl be

(]emonstr_lled t)v ,,xatmining lhe following slcet,'h:

to decreasing vMues of t h(, range S. For any

given rtmge, therefore, the nfinimum value of

lhe velo('ity increment + (.orrest)onds io the value

of ¢0 for bS/bco=O, as given by equation (41).

A relation 1)etwt,en _ngular range _md veh)<'il,y

in(,renwnl oriental.ion is obtnine(l 1)5" subst, ituting
equation (41) into (,quations (29) and (30). ]n

general, lhis exi)ressio, is a fun('tion of _ (repre-
senling the nllitude). ]towever, to zero ,)rder,

a universal |'elation for Ill(, velo('ily-ineremen!

orientation (o_) for minimum impulse for a fixed
angular range is ol_hfine(I. This r(,l_llion, which

is plolt.ed in tiguve 4, is

0T0_cos I- s" 1

_ 1+3 ('o_-c0 9 ,_ln-w (os-ce t

,/ --2 coso0 \
Teos-/--- = -=-/ (513

V*

f80 /-,

160

_4o
2

E
_ 120

c /
/

/
J

J

!

/

I Y = constonl

/
$ _N"- ./_/Incre0sing 7

,I

The solid lim,s iu tit(, sl,:el,eh represent lines of

('onstanl, y, and inere:_sing values of 3' eorvespoml
4974oo 59 --2

40 80 120 160 200

Angulor ronge, deg

["ICIrRI '1 -1. -Veh)cil,v-itwrmn(ml direction for .,n,imum

iml)uls_, for fixed range.

Minimum impulse for fixed entry angle. -The

minimum impulse for a fixed entry angle oeeurs

at lit,, value of _ corresponding to a vanishing
error b@/bw, that is, eos _ -- -- "2a ,"y (eq. (47)).
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The relation l)etvceen u_ and • is

+,,}0' 2 -- ._

(52)

w-- 1811° (I_:<
0/"

In other word_, the best impulse <lireetion (mini-
mum for tixe<l entry angle) is 181)° for small valu,,s

of entry angle. The rehttiotl of w as a t'un<,tiotl

<_I'<P/t+ is I)lotte<l in ligurt, 5.

180

3.160

g

E 140

i
¢lJ

=o

_'_..,_o !
g i

\
\

\
\

+006 s 4 6 s ,0
_,,,,_,,o+,e,oo_,,o0®/(,-_)

]"t_;t'l_E 5. Velocity-itwrenn,tlt direction for minimum

impulse for fixed entry ttllb_lp.

DESCENT FROM ELLIPTIC ORBIT

The expressions derived for the descent from

a ('irrular orl>it can be adapled to elliptic orbits

by tel)faring the actual velocity increnwnt A+, at

atlgle o_' I)y a llet,itious itwrenwnt w at angle w.

In tigure 6, /+* reF, resenls rite eircuh),r velocity

a+t the point of orbit deflection, r._ the satellite

velocity in its elliptir orbit, and _ the resulting

velo<'it, v after an inm'ement ,Xe is applied; _' repre-
sents the directiotl of Ar below the local horizontal.

The resulting velocity i5 (,ouht also have I)een

obtained I)y deth,etitlg a drcttlar orbit with a

vt,lo(:ity increment w at an angle _.

With the assumption that <'on(litiotls tit the

apogee of the original elliptic orl)it are known, the
velocity/_s and the angle ,I, can be obtained from

equations (9) and (tl). Tim corresponding dis-

lat.'e front the apogee and lime of flight at(, ob-

¢I ) _ _/

(t))

('t) Velocity itJcrement al)l)li('d to elliptic orl)il.

(b) Fictitious vt'locily applied to circular orbit vi,,htin_

slime fin:tl velocity _l.s in figllrp (i('t).

l"l+;rRE ft. Entry from ellil)ti( orbit+

taiued lrom equations (10) and (12). Fr(+m the
geometry of tigure 6

(-: (-:r_ ' 2 __"'s7,
7_; = _,_ +-(3' ) +2 7* ros (_'--4_)

where

[(,-,)++)-,,:$ _, +(i., -(v)
::qb_- 1- (,OS -I

h -¢-;,*)+

7= _ +1-27,(,os

7* 1 -C

_= (*()S -1 : ?.

"y =---tr/7*; 7' _A+,,.'7*

(5:+)

(54)

(.55)

(56)

The "ollowing l)rocedure is to be followed for

satellit( descent fi'om an elliptic orbit:

(l) (>btain 7s at the desired r from equation (9);
tin(| Cs fl'om equation (1 1), an(I 7* from (,(tuation
(3).

(2) for a giver, Ar (in('lim, d at ¢o'), fin<l
7' = Av/S*.

(3) Then, equations (53) and (54) viehl 7/7*
and _.
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(4) ('tilcuhlle '7 (eq. (,35)) and _ (el I . (56)).

(D) Use flu, Vll]ll(,S Ilf ")I alld co st} t)}}Illilll,d

directly in the exl)ressioliS of llitih, ] io coinpule

conditions lllong the descenl oi'bil.

The miss dis(ante li, lid t,iil I')-iiligle errllr till(Sell

I)y all orl'Ol' in either "7' or a/ i'llll t)o expressed hi

ll,i'ills of lhe derivlllives ill tillih, II, loTelher wiih

ilia folh)whig eXl)i'essions:

0_,=_)_, _ 0<_'_ (57)

O 0_ 0+0"7 _)

The derivai.ives of _ lilid "7 with respect t,o _' lilid
"7' are obtained [i'l)lii eqll!itions (53) to (56) lhe

l'eSllll s ill'e:

%%hoFu

III1(]

0"7 '7'÷_ cos (X--o/
(59)

()7' "7

0"y "7'_ sin (X w')

()w --,_ sin IX--0/)
c_' -- "72 (61)

"7'['7'+_ cos (X--J)]
¢.)w' -- '7: (62)

,<=-q' (63)

x_=,i>_+ sin-, (sin +<_) (64)

A sniall e(:('entl'i('ity of the inilial elliptic satel-

lite orbil is not_ ill gellerlli, llecessarv for tiiis

analysis io apply. However, llie descent orbit

nnlst again be nearly circular. If the e('centri('il)

of ttie salellile orbil is hirgc, then a relatively

htl'gO velocity increiiient Ar is I'eqllired to a(!llievo

a nearly ('ir(qihu" descent Iraje('lory. In a prac-

iical case, it llltlV })(' desiratile to al)ply a sniailer

velocity ill('renlolll tlllll lo (h,s('elid oi1 li pall( of

greater eccentric(l)'. This hiller ciise ('llliliol be

ireated by lhe I)resent analysis.

DISCUSSION OF DESCENT TRAJECTORIES

ENTRY FROM 1.50-MILE ORBIT

For the sake of sinll)lifying the discussion of the

(_qll&tions, an examl)le was worke(I Ollt. For this

exaniple, llll initial circular orl)il at an altitude

of 15() stlilule niih,s wlis selected; enlrv inlo tile

lilliiosi)here is li('coinl)iishlql ill liii lillilude (if 50

lnih,s. ('and(lions llilll lll'O ('on(puled al Ilie

50-(nile allilude could be liilil('ill,(I _ilii so]ulhins

vlliid v¢iliihi lhe alniOsl)here, Sli('ll tis liiose (lis-

('IISSI'd ili r(,f(,rlql('(, 1.

Orbit characteristics. The i'alig(. (ill (h,grccs of

Ill'(') traveled froni the 150-nlih, ahilude to lhl'

50-niih, lillilu(le is sho_,_,n ill l_7111'e 7 (IS II funclion

/
<_ .06

i\\t,8o 1
.04

8

" .02

,35o\

%,

t
\

_,270 °

4

0 40 80 120 160 200 240 280

Angular range, deg

FIGURE 7.---I{:l.ng,(, lilH :1 function of velocity inort.n/i,nl.

Cireul'ir-orl)it allil II(lC,, 150 sl ill life niih,,_ : elit ry all il II(l[,,

,50 slaHltl' niiles.

of the velocity increnienl Ar/'_*. :'is previously

shown in figure 4, llie requh'ed lhrusl is niininiize(l

when lhe velociiy increnlenl is tipt)lie(I ill an angle

t)elween 90 ° and 180 ° for allgtl]lir i'ltliges less

lhlln 180 °, ltowever, for l'lilllZ.l,s hirglT lhliil ()0 °

there is only it Sliil/ll difference in the re(luired

tiiI'lisl wli(,n co lies t)(,Iw('ell 135 ° alU[ IS0 °. Vet'),

lollg l'll.llg(,s ill'l, t)ossible by dire('ling the velo('iiy

in(Tenlent al angles larger llnin 1SI) °.

The correspon(iing elI1L.I'V tlllgh,s al'e shOlVll in

figure 8. Ref(q'eii('e 1 shows tliill lhe lllaXiliiillli

(le('ehq'lllion (hlrhig tile entry (if nonlifling Velli('les

beta(lies excessively largo for elilrv llligies hil'ger

thtln tll)Otll 30; {]l(q'efor(,, tile llillxilntlnl nllowabh,

angle for nianiie(t enlrv (with :l nonlifling vehh'le)

is of the or(ler of 3 °, Again, as discusse(I wilh the

aid of fig'ure 5, tile proper lhrusl vo(%or oriental(on

for niinimunl inlpuiso (lepends Oil lhe elllry liligh,.

Bill,, for ent, ry angh, s less lhan 4J_ ° lhe penally

t)aid Jar applying Ar Ill 135 ° i'lLlii(T lhan al, 1£(i °

is nol hi rge.

Range ns ii ['illi('li()ii of enll'v angle is pres(,nl.ed

in figure 9. For enti-v angles (if pra('licli] ilileresl.

(tietvi'e(qi '2° an(I 3 °`) and for vahl(,S o[" w= 11q0 ° or
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Fl_:uRv 8. _ Entry angle for descent from 1SO-mile

(,ircul:tr orhil. Entry altitude, 50 statut(, miles.
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_ _aLt:
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< __"_22_°

4O
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Entry ongle, @, deg

I"l_;Irlll.: !l. -l{_lH_' lt_ "_ fuuction of .tHry allgh, for

<t(,sc<,nt front 150-statutc-mih, (,ir('ltl_r orbit: <,r, try :t,t

50-stalut('-mih, altitude.

h,ss, the 4istan('e Irav(,le(l along the descent tra-
jectory i_ less lira. oue-fourth of lhe e,rth's
('ireulllfer¢ll('(,.

Effect of thrust misalinement. -The error

('oel[icieni: i:)S/Oo_ ('aused by an initial misaline-
m[mt (in the orbital plum.) of Ihe w.lo('ity incre-
menl is plotted in figun, l0 ,s a function of enlrv

500 I

F"
P

4oo \

\
"_ 300 "_" _'------.__ _ _a

z7oo

2 200
o

225 °

_L k_I

S
e 180ol

._._ _" _ ._....__ 90°

-,oo-

_< i
2 3 4 5

Entry ongle, _, deg

l"l,;Vlil,; li). -Mi_s (tist'utc(' cau,_t'd hv thru_l misalin('-

m,'.l. Orbit altilu(h,, 15(} sl:tllll[, mih,:; ,mlry :dlill_(](,.

50 st._t,_ (_, miles.

_.gh'. /<)r A_, (lin,('l(,(I Ol)l)osil(, 1,. ll.' Ilig'hl-

l)alh dile_'lion (o_ lS0°), th(, miss disl._.._, is

.(mstanl .l . valm, .f :;4.5 miles p(,r d('_r(,(,.

This mis4 dista.c(, stems I'r.m a shift i. lh(. al)ogee

of tim (l'.,sei'nt (raje('torv caused t)v lhrus! lnis-

_dinem(.l,. (This (lUantity was ,'h,'('ked ag.i.sl

the con plete equations (eqs. (9) to (11)); the

results (f the exact equations agreed h) wilhin

k; 1)erce_ I with the present a_mlysis.) The afore-

meution,d apogee shift can t)e l)artially or (.om-

t)h_tely cancelled by the change iu dislam,e

t,raveled from the shifted apogee whe. Ar is applied

i. the proper direction (see fig. 2). The velo(.itv-

increment orientation for vanishing OS/6<_ is

shown ilt figure l l as a fumqion of (retry angle.
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FI(IURF:. 11. -V(4ooity-ilwremevtt (tir(,ction for zero miss

distance b S_lllb_ i Cireuh_r orbit ltltiitude. 150 st'tllllC

miles; entry altitiud(,, 50 statute miles.

Vallt(,s o[ 60 I)eiwe(,n 120 ° and 135 ° yiehl entry

angles of ])ra('ti('al inlercst,. .,ks (liscuss(,d in tl.,

sect,ion Nl.inilnizaition of ]{('(tuired ]nq)ulse, these

same valu(,s of 60 yil.h[ I,hc minimum impulse for 'l

tixcd ru nla,.

_Vllel/ 60 is ffl'ei_ter |,]lllll IS() °, tillo miss (listiance

l)er(mws l)rohil)itlively luv'ge (iiF. I0). Con-

s,t'(ll]elli,ly, Ih(' hIrgo (']}try ]'|ll}_,._(',',_ |fill, i, CIIII hi"

a('hi_,ved f()r 60>IS0 ° at(, probably ruh'd (,ut.

Very snmll (,nl ry a.gh,: (<0.5 °) arc also .(H rer.m-

E
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.?-
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180o
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/ f
/ 90 o, 270 °

/ /

./J
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Irl(;ttP, E 12. -Azimuth'd miss distance for descent frozn

15:)-mile circular orbit. Entry :diiUl(te, 50 st.atule

ntile_.

mc.d('d, I)(,ca.se lhey lead 11() _['l' 3, l_l l'_' ( 'l.]l_ )lls

(see (abh; ] 1 ).

'rhe _lzilnul.hal n|iss dislan('e (OAWO_) for llm

cXaml)h, lll.h,r ('onsi(h, ration is sh()wn in tigure 12.

For I)rarl,ic_d (',ls(,s of manned r(,entry wilh n(m-

lit'ling vehirh.s, this mi,-,,'_ di,qa).'c is g(,z.,rally

I('."4S t,l|ll.]l 2 mih's I)er (h,grce. Tl.,rcfl)rc, lhrust

misaliv.,m(,.l, nornml (otl., orl)ital 1)lan(' is n.wh

less sc, ri()us t,han a)| e(t..l amounl, c)f mis|dil.,me.l,

willlin lib(, l)!|in(, of (,h(' orl)iL

Th(' (,rro," in (,.fry Imffl(, rcsulliHff [lJ'(}]} } (ihl'll.,.4(,

misaliz.,m(,)H is show. in li_ur(, 13. This (.rror

e_

,:u

_o

O
(
>-,
L

c

LJ

I2

\ <0

.08 < o_

"'-- -..,_,_....__.90 °

.04

0

-.04
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180o'-----.--.

225°L....._

-.08

270'

/
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-.I
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Entry ongle, 49, deg

Iq_u:m.: 13. -],]|ztiry-.mgh, error caused by thrust misa-

lit)ement. Orbi(, allitude, 150 st,aline miles; entry

altiittlde, 50 statute ndh,s.

is z(,ro for 60--1S0 °, and small for o_--135 ° and

225 °. As far as the. d(,ct%ration and tma(ing are

(.ol_c(,riwd, even a 0.5 ° cnlry-angle error may not

(,aus(, (,.tmrst,rophic results. For example, r(,fer-
(m('e I in(li('aies ilia(, a. (lec(qeri_tion wdue of !).I

)._g S l_(I _= 20 iS in(,reitsc(l to 9.9 g's a(: ¢--2.5 °.

The I'esulls of ti_rure 13 in(licale thal. even a rather

la.rg(, (.hrus( misalin(:m('n( of 10 ° will only llil'[(,r lhe

(,.try a)|glc by 0.14 ° (for @ 2 °, 60=135°).
"rlm (:ha.g(, in entry angl(' also causes _ miss

disla.('(, ",vhMi mus( I)(, ad(h,d llO ( 1]e Ol:lI('l' ('I'IlOI)Sl

Ref(.'(mC(_ 1 in(licates lhat the (mtry-allgh, error of

0.014 ° per (h,gz'(,(' of thi'ust, axis misalin(.meiH (for

¢--2 °, 60--135 °) results in a miss distia, nc(_ of 3.36
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mih,s per degree of thrust misalim,tnent. Although

this error is I)y no illeans negligible, it is an order

of magnitude smaller titan the value of 6S/0w
olitaitwd for o_--180 °.

Effect of thrust magnitude error. The miss

tlista,ce 6S/6_xtrcaused by an error in the velocity

in(,remt, nt is sho_vn in figure 14. This miss dis-

-52

-28

it

0 I 2 3 4 5

Entry ongle, alp, deg

Fmut-t_: 14. -.Miss <tisl:mc(_ (':mse(t by thrust magnitude

crror. Orbit "dtitu(h', 150 stnlute miles; entry

altitude, 5(I st;ittlt(, mih,s.

.007

0o+ /

.005

<1

? .004

,:l)

_,+oo3
0

i

"5
UJ

.002

"0010 I

F*
I

• _o]'
I

_ -,......_

2 3

Entry ongle, <fp, deg

1
W

9o%_7oo

4 5

i"l(;t:ltE 15. ]']ntry-'uIKh' error ut+ul_e(| by l|lrllsL llutgili-

tud_, er'or. ()rl)it aUlittldt', I;51) ._ttttute inih's ('ntry

aliitud_ 511 ._ttttnttc mih,s.

tmaiysis elitist, lie Inal,'in,tl at n given altitude with

lhe soltl:iotm for tliffht, within the attnomt)here.

(h,m+raltv, tim mattqflng altitude is taken t)el.weetl

50 and 70 miles; all ex_uDl)h, <'ah_ulalions were
marie t'o_" (h+st'ent t.o _t 50-mih+ altiltt<h,. An ex-

aminati(+n of etlttalit)n (4X) imlit.at_,+ that. the
exm't m_,t(qfing altit,utl(, i_ n,httivMy tnliinpt)rtant

in,less if, 1)(molnes vanishingly sntall. For lit(, ex-

_tml)l(, (ahmlations, with q,_2 ° _t_(l ¢_I:¢5 °,

00/0r--( .()0:_ °t)er Inih,. ht t)t]mt' wortls, the t,ntry

angle t',h;mges only 0.03 ° over a 10-mile t4tatt!Zc in
altitl_th,.

OPTIMUMDESCENTCONI)ITIONS

t an('e can be minimized by using the largest pos-

sible entry angle. For example, the error (ran lie

decreased from 15 nlih,s per foot per second to 5

miles per foot per se('ond ]IS inc, reasing the entry

ang'le front 1° to 2 ° when _--_135°; atl additional
de<'rease to 2 miles per foot per second resttlts from

an increase of entry angle to 3° .

The (,tit ry-angh, error eause(I 1)3"a thrust lqlagni-

I tide error also (h,('reases rapidly with increasing

etltry _l,ltgle (fig. 15).

Effect of altitude on entry angle.--As mentiolu'd

earlier, the entry tingle obtained from the l)resent,

Althot+g]t the ('Xaml)h+ devt'lol)ed for tttt+ study

of (lest'err t raj(,etories ('onsi(h,rt,tl t)nly a single
orbit _dt t trite, some genertflizatitms ('an t)e ma<h,

by consi lcring 1hi+ t,quatioils of t al)les 1 and ]I.
First i+ should be ttotetl (froln eqs. (9) to (1 I))

that there is not a great deal of fre(,(loll_ in st, h.(_ting

the dese.mt trajectory once the satellite altitud(,,

the entry altitude, and the entry angle art,

specified In fact, if in addition the thrust
direction is also spe(qfied, then only one des(_ent

trajectory exists, and th(,re is tm <.hot(.(, of w,h)('ity
in(_remet t, entry range, or vehtcily. In general,
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however, tile designer can select any one of a
m.nber of combinations of values of Av and <.o.

If the descent of a nonlifting (and miconlrolled)

vehMe is <'onsidered then the miss distance may

well be the dominating factor in the selection of

i), reentry system. From the equations of tal)le

II, i( is ('lear (lm.t large entry angles ten(l to
mininfize ihe miss distance, ttowever if the

vehMe is to l)(, maimed then the en(rv a.ngle is
limited Io al)ou[ 3 ° in order to avoid intolerable

deceiei'a(.ions. If(race, a logical choice of entry

angle is 1)etwt,en '2° and 3°.

The desired entry angle can be achieved with

t.he velocity increment, oriented in any direction

l)etween 90 ° an(| 270 ° . For a fixed small entry

angle th(, thrust is minimized for _ 180 °, with

only a small increase up to 135 ° or 225°; the

entry range is smalh, st for o_ 90 ° and increases

for larger vahl(,s of ¢o. tlowever, unless lhe miss
distance is unimportant, the t hrus( vector ori(,rml-
tion (,annol be seh,cte(I on (he basis of minimum

thrust or enlry range. The miss dislnnc(, cause(!

by thrust axis misulinemen( (in (he plane of the

orbit) can I)econte excee(lingly large unh,ss Ae
is directed l)(,(we(,n 90 ° and 180% The 1)est

orientation (h,l)ends on t.he enir.v angle an<l orl)it
ahitude, but, in generM, will fall l)elween 120 °

mM 150 ° . This i'lmge of angles also represents

a good conq)romise for minimizing all olher errors.

ASCENT TO CIRCULAR ORBIT

Th(, l)reseilt mmlysis Mso h, nds itself to the eal-
('ulat ion of guidance and ao('uracv r(,(/nil'etnen ts foi

(tit, establishnlent of n, circular satellite orbit.

Th(, desire(| orbit Mtilu(le is assumed to b(,

ll=r--ro x_iih a (,orrespon(ling ('ireulm" velocity

of F*_sgT. The ac(uM velocity attai)le(! by
the launching system at Mt.itude H is 7=r*+Ar,

and is inclined ill lm angle-_ below the local

horizontM. The effect, of the velocity error Av

and angle error ?0on the resulting orbit, is obtained
as follows:

Equation (9) shows thnt

(_L,O*2 ('A) \ "/
2 _-2(_-

Ol'

_'_= !!<_ 0':,) __20A_
(7,)2 (F.)2 (7,)2 (7,)2 1-- . (651)

But

anti

(-_*) 2 i, A

r_

I bereft)re,

t7;*)2--1-t2_* l_ _--e (66)

Froni e<tuation C/2)

so thai (,he ee(wni,ri('ity of !h(, satellite orbit is

_i/f¥2_i " i A_,x24 t 7 7 ) ((i8)

The apog(,e heigh( is r(,preserl(ed by

F I--2 i 'Av\ _ 2At,
= (P + 4 = -- (6q)_=1 "., _I/ Cv*) v*

The nmxinium deviation from a circular orbit is

often of intcres(,. In dimensionless forln

<_,>......7-,,,. 2_ - i_;- ]_x:,,x2 2,., -"-V + +
(70)

Figure 16 is a silnHiil/l'V plot of (,lie effect, of

velocity n,nd llngle error on orbit de-vial,h)n.

"0028L_ '

.0024 '

.0020'-_..._ '_ (At)too x

+
-.oo_¢ . ' ' ",,, • + \ "

\ #0,o
_. _ \oos \
oo, \ \ \

F> \

.000

0

ooo- o \ \ \\ \ \ \
0 .I .2 .3 .4 .5

AngLe error, deg

FiliURE 16. _:laxilnlini deviation from circular orbit

('lttlSt'(l ])y velocity or IIAII/,Io (H'ror.
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ORBrr CORRECTION

[Tmh,r sorer, total,lions it mi D- I)t, &,sired to rm'-

revl nn initially t,llilltic orhil inlo a virvtlblr orlfit.

TI., (,c(.vnl ri<'ils _ of th<, dlipii(' ort)it is _/ssumt,d to
In, I<n<tv:n and at, <wltil vm't'evtion is ran(h, n l an

altitude 11, rt'l)resented hy fl l--(7/r(). At all'-

,role 1I, the aclual veh)vity p is to be corrected, to
lit,, vi,'vulnr "<t,hwilv _-'* by applying a velovily

increment ',r in the direvtion _. Th,' _vomt,trv

theret'ore, is as indivated in ]igure 1, eXrel)t that

',r is point.ed in lhe opposite dirtwiion.
i+'rom this ff,eometry, lo_eth,,r with equati,ms

(2) nml (22), thv Mlowing is obtaim,_l:

AF-' V_ (7") _ 2r_ _'* c_
(r*,)'-' :(<I)+++I.*) _- 7 .* c*

ttltd

vos II

In term: of lhe eccent,rivity _ ttnd the allittuh, rum'-
lion _',these eXlm,ssions l)ecolne

a,, , 171)

llIId

_'<_s_, - (72)

The brgt,st :ingle rol,lril)ttlin_ fa_qm' towa.rd.'.+ :,
miss disinm'e is the misldil,,tnenl. (i,, the ortfitld

phtnl') ,,f the relrovehwity into',,merit. If this

inm'emeIit is I)oinlvd in direct -I>l)osilion Io the
N o oIli_ht Imlh (_ 1,[1 ),a 1 misalint,tm,nl rosullsin

a miss ilist anve of :_.t-.5 ruth's, ilmvever, il v<as

showit I:ml this miss di,'-;lan_'e v,n I_/' tnitfimized by

_,l)plyin_ the vt,hwily inm'emenL between 12tt ° nnd
151)° hel,m' lht' Ilight-pnt.h din,ciimt.

]',I,;WI8 t{_;Sl!lAttCll (]l,;N'l'l,;i¢.

_N,'ATIO:(AI_ A_I{ONAU'I'ICS AND _I'AI:I,] ADMINI,'_'I'I{ATION

(!LF;" I-;L',ND, ()IIIH, ()clob¢'r 7, H#SS

APPENDIX--DISCUSSION OF LINEARIZA-

TION PROCEDURE

The two Imsi_" a,,.+sunq3t.ions made in the _mtflysis

are thai the ereonlricity of the (h,scenl tntjectory

is small _'Oml)ared with tinily and thai, tim change
in dist,_tn('e from the center of mass is sm'dl.

'l'oget, ht r, t,hese liSSilllll)tiOttS iml)ly tirol ItltP
dt,svent, lrnjevlory is nearly ,irmfla.r tll)out the

,:'entc'r _,f mnss. By asSUml)lion, lherefore,

(A1)

The requirvd vehtrity invn'menl milfinfizt's when

1} <w 2+, corrost)ollding to lhe nl_Ogee_.aml per-
ig,',', respevtively: it maximiz,.s when _: _, ,:.o,'-
respondittg it+ O :::00 °.

('ONI'I, UD1NG REMARKS

'l'ht' Itttalvsis l:,resentt'd in this rel)orl nl)l)lit,s for

transfer <+rhits wit It an eccentricity small <.OmFmred

will, unity lin<.[ for II C}lllligO in altittlde snlnll

emnlmred with ,.he distance from the en.rlh'_ ven-
ler. Motion al>out, a spherMd, nonrotaling earth

is assumed, tielativelv simph, expressions flu' the

motion of it, des,'ending sah,llile vehi&, and for

oH)it deviations vnusvd It3' initial errors were
derived.

Errors in the magnit.tMe and direvlion of the

•vt,locit, 3- inrrement, used ht initia.tt, the deseenti +,',+ill
c<mt.rilmt,' to It miss dist.am'e in two ways; these

t.rrors not only alter the lo<'.'Hion of atmospht+ri('

cnLry, but also affect the enlt'v a,t_h,, which in
turn alters the distance traveled within lit,. at nms-

phere.

The linearizatimt procedure is valid only if all

snla]l _1 lant,it,ie: are of the snlile order of Inn_tfi-

tu&,. :;,,.ause the analysis i_ limiled bD near]3

dn'uh.' desk.our traje_q,ories, nil radii are by

deliniti(,n of the snme m'dvr of magnitude. The

ra.dii r :, and ,'++a.re of m'lu'ly eqt,a] nm.g'nit.ude, s<+

) (- 7)tlult J (#--=1 -r" aNd_ _-1--- are both of
I' i /'A

: :)order _ i a_ 1-- • Subsequent, expressions will

show tlui.l> Ari_*, +, and + are also of the sadie

order o inagnilude llS _.

Iii dq'ivhlg the equillions l:U'esenied hi this

report, +11eXpl'l+ssions ,,vero hlililllly wrilh,n <,ilher

t,xliclly or ill h'lisl to Ol'dOf 62. This was done lo
,,ttSlil'e :ol'rol'|llt,ss of l.he thnil rosull,s io order ++

In generli], only l ernis o[ order _ \viwl{, t'tqtiined in
ltie rt,s tiling eXptTsSiotiS.

The ilerivation of the 0xpi'ession for +, in lel'nis

o[ "Y ltl+d co, will ll(:l_',V bii presented its ti. tyl)iulll

exiinipl,'. Fi'oni ffeoinolric considerliliOltS (fig. 1),
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the veh)(dty lit l}le l)Oillt of orbit doflv('tion is

_ ('_*V i (A_')_ F 2_* -_, ('os _ (;_,2)
()1'

7:
(F.)u _l F '_3_coso_ t _ (A3)

Wll(q'(_

7 -_ ',r/_* (._.4)

From c(0,11ii(ms (5) and fA;_), the total en(,rgy of
the Ol'|M is

2l<;
=--1 [ 2_ c(>s_ t 7 _ (A5)

iF*):

ILHd ill(' fl,llgllhll' IllOIll[.ql{,lllll })('('Olll('s

2 p_]t 2

2E (7*) "0
1 i 7.).2 72i7,_4 72(7")2(1 t 7 cos @o

1 t (-- 1 ] 23' cos _ }7 -°)(I [ 27 ('os _ I 72 cosU_0)

_2(1 i 3 ('os2_) i 2"/:_ t',)s _(1 t ('os2_) t 74 c_)s'%

(A7)
all(l

_1 (:i _i()_G_f
L

(!()$2_ % I 2

t "_l t;_ C,,S'-'SJ (As)

E(luaiioll (AS) shows l ltal .y is ()f ol',h,r _. This

(lel'ivl_lion also shows Ill(, inll)Orlam.(, of ilfitia.lly
retainin F i(,rms of oMer e-_:for if' the "y_"terln hall

be('n dropl)e(1 in C(|tlatiOll (i3), |[101l e wotlld hILv("

been identicMly equal to zero.

In the text, only the leading term in the expres-

siolt for e is rct.ain(,d. Ill this cltsc, therefore, it

term of ordcr ,:'_ was dropI)('d, while d was not

15

II,'gh','ie(l. In _ci,,,ral, I,()wcver, Ill(' Iwgh,('l(ql
l(,rnls_vere()for(h,r_'-'()rhighor. In {h('(,xj)rcu._i()llS

for error ('o(,f[i(_i(,lliS, ()lllV tile h)w(,st ()r(h,r 1,,rms

_.vi,rl, re|,-'Lille(].

2_kli ('X{lllli]lll,{,i(HI Of U(]llILi, iOlIS (04) anll (_5) shows

Ilia| both _ lind fl ill'(_ of lhe snme order of IlliI.Elli-

lll{h' _I.S "y ll, ll(], t[lerefore_ Of" Ol'(](w e. Fllrt.llor,

h(_(_H, ilSi' _ is of ol'dul' (_, t_, and e ilre of 1he :411111(_

t)l'{h,r of Inii_llilll(]C. ]_](lll_il.ioli (:3;}) shOWS Ihtll

<b is also of ordcl' e.

The Inli_niluih! of llie {,rrlH' inl,l'()ilu,'o,l I).v iiie

]illClirizil, l i()11 I)l'O('oss Villlll()l eILsilv l)e ilS('cl'lilill(,(]

ill 71'nel'lil lernis. ][owovol', il, lylii('ul OXiliil])]c

llnLy Slq'VV Io ilhl._irltl(, lttllA: l ile (q'ror will b(, snilli[

for IlillAly ('iisl,s of ])rIL,'li('ll[ illl(q'e+_l,. Iniiiill

(_on(lilions n l l_li li.liiiude of 15() ,_ti_lut(, nliles ILiiil

fhla] ('Oli(]il ions al li 50-niile MIil lide llro conshlere([.

A velociiv in(Tciliellt of 3 ])or('cnl, of satellile

volo(,iiy, (lire(qed lit, _--1_() °, was seh'cted for this

exanil)](,. ]{o,_iiils for 1)olh t iio exact and ILl)-

])roxiinlilo s(ihll.i()liS liro 7iven in 1}1o f()llowhi 7

l ali]e :

(_luliilily l,:x:l(.i l'r'oS,,lil I)vrl,(,nt
_llhll i()li ,..(l]lll i()ll I']'FOF

Vi,h)cii v v,'_* II. !1!i193 [). !l!i-131 (i. Oil

An_lflar range, O,
(log _ _ 52..171 52.-197 li. 05

Elill",':iligl(L'-ib, (lOg '2. ,_27 2. 7#i,-, 2. 22

Thlis the (q'l'ors in veh)('ity ii, iid i'ltiigo li.l'¢, SCeli t()

I)e nogligihle while the (!Fl'ltF ill olil]' 3" ltllgle is

VOl'V ._lllll II.
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TABLE II. t{EENTR.Y ERROI'_S

(_uantily

Emry angle (,rror,

Oq>

OA_,

|,]ld.ry aIJgh' errm',

0,b

O_

5' sill-"co cos co
,t, _-

5 sin w (.) cos ¢0 _.2a)

]{t).llge (q'ror,

t_* ON

r 0Av

Range error,

1 ,6N

row

OL

..... \

'2 E(3 ) sin ,o

_.sin (0_ 0)

,]

Azimuth (¢ror,

1 0.\

r 0¢
...... i

Tim(, of flight error, .

T O,A,

Tinieofflighi ,,rr(_ir, '2 E(3 ) ]_,'* Ol 1_3 ('o,_'w a cos ¢o _ _izl_+ 1

r uw

w I _()o

2

--I

I
...... {

I

2

3 sil #

l

Ii,f4,_' 1

1

!)0°, 270 °

: 2o<')

i for u<:._ 1_4(1°

-- _0< :

,
for w,Z I SI) °

,_,(l ,)
-- fi)r w< IS()_
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